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Abstract 



Using quaternions, we give a concise derivation of the Ricci tensor for homogeneous 
spaces with topology of the 3-dimensional sphere. We derive exphcit and numerical 
solutions for the Ricci flow PDE and discuss their properties. In the collapse (or 
expansion) of these models, the interplay of the various components of the Ricci tensor 
are studied. We dedicate this paper to honor the work of Josh Goldberg. 



1 Prologue 



I learned of Josh's work in relativity first in June 1959. We were invited to participate, 
and give talks on relativity, at the Universite Libre in Brussels, the home of the de Bonder 
Condition and George Edward Lemaitre. This meeting with francophone mathematicians 
was the prelude to the relativistic oratorio at L'abbaye de Royaumont some 30 km north of 
Paris. A large number of American relativists had been given a free ride to fly from McGuire 
Air Force Base in New Jersey to Europe on MATS (Military Air Transportation Service) 
that had delivered the Berlin Air Bridge. The trip on MATS apparently had also done a 
lot for their egos: to qualify for this perk they had to be given equivalent military ranks 
to their civilian position. And which graduate student did not cherish to suddenly become 
a colonel, or which assistant professor did not like to be instantly promoted to one-star 
general? However, at that time, I did not yet realize that this massive air lift of American 
relativists was also the work of Josh directed from Wright-Patterson Air Force Base in Ohio. 
When I mentioned Josh's work, I actually meant a talk about a paper by Josh Goldberg and 
Ted Newman given in Brussels. 

The paper On the Measurement of Distance in General Relativity is published in vol. 114 
of the Physical Review. I believe that Ted gave the talk because I seem to remember that 
it was given by a very forceful speaker in an almost breathless way expressing his thoughts 
with his hands. The essential idea was the use of the formulae for geodesic deviation about 
null geodesies. It was this technique that led to the beautiful Goldberg-Sachs Theorem. In 
Royaumont I remember evening walks in the warm summer of the Ilde de France. At that 
time I had no idea that in this renaissance of relativity Josh was the Duke de Medici. By 
supporting researchers in America, Britain and Germany and using the resources of the US 
Air Force Josh contributed greatly to a new start for Einstein's Theory of Gravitation. We 
hope that historians of relativity will show us the important role that Josh did play for its 
development. -E.L.S. 



2 Introduction 



The proof of the Poincare Conjecture by Grigory Perelman [T] has raised the interest in 
Ricci flows. They were introduced by Richard Hamilton in 1982 [2]-H] and became the basic 
instrument for the proof. The flow can be defined as follows. 

Let be a smooth closed manifold with a smooth Riemannian metric g. A Ricci flow 
is the evolution of the metric g{t) under the PDE 

^ = -2i?^c(^) (2.1) 
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where Ric{g) is the Ricci curvature tensor. Of particular interest are the Ricci flows in 
3- dimensional manifolds. The normalized Ricci flow equation 

^ = -2mc{g) + ^{R)g, 

where (R) denotes the average of the scalar curvature R over the compact 3-manifold, was 
discussed by James Isenberg and Martin Jackson for locally homogeneous geometries on 
closed manifolds [SIE]- We are studying Hamilton's evolution equation (12. ip which leads to 
a collapse of the manifold in a finite timespan. 

Over the years, the first two authors have been interested in models of the universe, 
and a dozen years ago, they discussed a study on the embedding of compact 3-manifolds 
into Eucidean spaces in [7]. There, they gave a geometric classification of anisotropically 
but homogeneously stretched 3-dimensional spheres and their curvatures. Here, we wish to 
complete and extend this discussion by studying the evolution of these S^'s under the Ricci 
flow. It turns out that the 6 non-linear PDE's (12. ip reduce to a single ODE that can be 
integrated completely in two particularly interesting cases. A simple numerical integration 
provides a picture of the Ricci flow lines. To keep this paper entirely self-contained, we 
reproduce the diagrams of [7] and their legends and give the derivation of the Ricci tensor 
for the evolution equation (12. ip . The simple formulae for the principal curvatures give 
expressions that look similar to those occuring in the elementary geometry of triangles, 
namely those for in- and ex-circles and for Heron's formula. This lets us expect that some 
beautiful solid geometry in the tori of Clifford parallels remains to be discovered in these 
harmonious universes. Here we first study the metric and curvature evolution of a deformed 

that can be followed in loving detail. 



3 A Deformed 



We define an of radius R by the equation 

a = i?', ^GH. (3.1) 
is the conjugate of the quaternion ^. The vectorial quaternionic differential form u 

u^=^^d^ = ~d^^ = -^ (3.2) 

can be written as 

u = uJii + ijj2j + ijJsk (3.3) 

with the three real differential forms cOr- The index r runs from one to three. Left- 
multiplication with the fixed unit quaternion A gives a left-translation of the 5*^, mapping 
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the point C, into the point C,', 

^' = Xt AA=1, AgH. (3.4) 

We obtain 

oj' ^ ^Md{\0 = ^?(AA) = CO. (3.5) 

This tells us that the differential forms u are left-invariant. On the S^, u is given by ^d^/R, 
and we obtain for its metric 

ds"^ = dC, ■ dC, =uj-u = ul + ul + Wg. (3.6) 

This is the metric induced by the Euclidean M^. With positive factors a, b, c we define new 
real differential forms Ur by 



CUi = W -^CUl, UJ2 = \ -7-^2, (^3 = \ -l-l^S- (3-7) 

V aoc V aoc y cl^c 

With these new forms we obtain the new metric ds^ for the deformed by putting 

dt^ = uj ■ uj = —ojI H Uo H — -Wq. (3.8) 

be ac ab 

This metric, obtained by stretching the in three orthogonal directions by factors 



a b I c 

abc^ V afec' y afec' 

respectively, is still homogeneous because the differential forms Ur remain left-invariant. 
Unless a = b = c, the isotropy of the is lost. These beautiful manifolds were discovered 
by Luigi Bianchi in 1897 [S]. He called them spaces of type IX. We prefer the name Dantes 
since the great Italian poet envisioned his universe as an 5*^ |9|IT0]. 



4 The Ricci Tensor for Dantes 



Differentiation of u in (13. 2p gives with (13. ip 



du = ^d^Ad^ = ^d^-^A^-d^ = -^uAu (4.1) 



or, written out in full 



2 

= dui + — W2 A UJ3, 
K 
2 

= + 77^3 A Wi, (4.2) 
K 

2 

= dco-i + —coi A UJ2- 
ti 
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These equations for the left-invariant differential forms on the 5*^ are known as the Maurer- 
Cartan equations. Expressing them in terms of the new differential forms Ur of (13. 7p we 
obtain 



2a ^ ^ 

= duJi + —UJ2^ W3, 

K 

,^ 26 ^ ^ 
= duj2 + W3 A cui, 

2c ^ ^ 
= dW3 + — Wi A ijJ2. 
ri 



(4.3) 



Next, we need the connection forms Xr (?" = 1, 2, 3) for the Dante. For vanishing torsion and 
dimension three, Elie Cartan's first structural equation [11] defines Xr by the equations 



Writing 



comparison of (14. 3 P with 



= (iwi + X3 A W2 - X2 A a;3, 
= c/w2 - X3 A + xi A 0)3, 
= dw'i + X2 A Wi - Xi A UJ2- 

Xr CLrs^sy 

gives the equations 



0, r ^ s, 
2a 



(4.4) 

(4.5) 
(4.6) 



2b 



2c 



^22 + 0'33 — ;T) (^n + C^SS — '^11 + '^22 — 



R 



R 



R 



Addition and subtraction of the equations gives the vectorial connection form 

X = - b - c) uJii + {b - a - c) uj2j + {c - a - b) u^k] 
R ~ 

= xii + X23 + xzk- 



(4.7) 



The second structure equation of Cartan determines the curvature two-forms Vt^ for dimen- 
sion three by 



(4i 



^ X3 -X2 ' 

d I -X3 0^ Xi 
X2 -Xi 








-^2\ 








v 




I 




/ X3 


-X2 




-X3 


Xi 




\ X2 -Xi 






X2 -Xi 



By combining the curvature two-forms into a quaternionic vector form 



(4.9) 
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we can write Cartan's equation f l4.8p 



n = dx-\x^X- (4.10) 



This gives with f l4.7p and the abbreviation 



the expressions 



s=^(a + 6 + c) (4.11) 



~ 4 

^1 = ^f^*^"^ - a) - (s - 6)(s - c)] UJ2 A ^3, 

= ;^[^(* - 6) - (s - a)(s - c)] A wi, (4.12) 

~ 4 

^3 = ^f^*-"^ - c) - (s - a)(s - 6)] wi A Wa- 



in three dimensions, 



Wa A Ws, Co'3Aci;i, uji/\uj2 
form a basis for all two-forms, and we define 

cDa A W3 = Hi, uj'i /\uji = H2, Wi A 0)2 = H3. (4-13) 

We can then write 

3 

hr = ^TrsHs (4.14) 

where Trs are the symmetric components of the Riemann tensor. The eigenvalues of this 
tensor are the principal curvatures 

i^f^ f —— I5 2, 3. 
We now can read off from fl4.12p the principal curvatures 



(4.15) 



The components Rrs of the Ricci tensor are obtained from the components T^s of the Riemann 
tensor in the three-dimensional case by subtraction of the trace 

3 

-Rrs = T,s-6rsY,Tu, (4.16) 

t=l 



Ki = 


4 r ( 
^[«(^ 


— a) — 


is-b)is 


-c)], 


K2 = 




-&)- 


(s — a){s 


-c)], 


= 


^[^^^ 


-c)- 


(s — a)(s 


-b)]. 



where 6rs is Kronecker's delta. In our case the Ricci tensor appears also in diagonal form, 
and we have 



Rii 


= K,2 + 1^3 = 


8 


[s-b){s 


-c), 




R22 


= Ki + Ks = 


8 


[s — a){s 


-c), 


(4.17) 


R33 


= Ki + K2 = 


8 


[s — a){s 


-b). 





The other three independent components of the Ricci tensor vanish. A classification of the 
Dantes in terms of their Ricci tensors is given in Fig. [1] 



5 Homogeneous Ricci Flow in Dantes 



The metric g{t) of the Dantes is given by (13. 8p 

as = q[t) = u ■ u = ^ , . , , H — , , , , H — , , , , , . 5.1) 
^ b{t)c{t) a{t)c{t) a{t)b{t) ^ ' 

The Ricci tensor of the Dantes is given by 

Ricci = Rii bJi-u)i + R22 UJ2-UJ2 + -R33 ^3 ■ ^3- (5.2) 
The equation (12. ip defining the Ricci flow becomes 

Ic) ^1 ■ ^1 + (") ^2 ■ ^2 + (^^) ■ Us (5.3) 

-Rii ^22 ^33 

= -2- — ui ■ ui - 2 U2 ■ C02 - 2— -Us ■ Us, 

be ac ab 

where we have indicated differentiation with respect to the parameter t by a dot. By com- 
paring terms and using (I4.17P we obtain the system of three ordinary differential equations 

1 

1 



ac 
1 

ab 



16(s 


-b){s 


-c) 




R%c 




16(s 


— a){s 


-c) 




R^ac 




16(s 


— a){s 


-h) 


R^ab 



(5.4) 



If we introduce the abbreviations 



111 , , 

u = —, v = —, w = — (5.5) 
be ac ab 




Figure 1: Diagram for the stretching ratios of an S^. 

The metric ds"^ = + u;| + with duj = —\ejkiU)k A uji is distorted into 
d's^ = {abc)~^ [aojf + + cw|]. 

The hypotenuse of the right-angled triangle ABC covers symmetric snake-like shapes. 
The side BC describes turtle-like shapes. The side AC (with end points included) deals 
with degenerate configurations which are excluded. The remaining lines of the Ricci fiow 
connecting points A with B describe dragon-line shapes. On the bold line CG the fiow lines 
reach their maximum. The vertex B denotes the isotropically stretched S^. Here a = b = c. 

For the right triangle BCD all eigenvalues of the Ricci tensor are positive. In its 
right part BCF all principal curvatures are larger than zero. On the dashed line CF the 
smallest principal curvature vanishes, meaning the largest eigenvalue of the Ricci tensor 
becomes the sum of the two other eigenvalues. On the line CD the two smallest eigenvalues 
of the Ricci tensor take on the value zero. The principal curvatures are there: ab, ab, —ab. 
In the left triangle ACD the two smallest eigenvalues of the Ricci tensor are always negative 
while the largest eigenvalue remains positive. 

In the region CBE the Ricci scalar, which is twice the sum of the principal curva- 
tures, is positive and vanishes on the dashed line CE. In the domain ACE the Ricci scalar 
is negative. 
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we can write the system (15.41) as 



16(a 


-v){(r- 


w) 




R^vw 




16(CT 


-u){a- 


w) 




R^uw 




16((T 


-u){a- 


v) 



Ruv 



+ v + w) (5.6) 



4 


2 + 


^2 


— — w^" 


~R 






4 


2 + 




— — w"^' 


~R 




uw 


4 


2 + 




— — v"^' 






uv 



(5.7) 



6 The Isotropic Flow 



If a = b = c, then we have also u = v = w, and the system (I5.7p becomes 

* = ~ (6.1) 

This integrates to 

At , , 

u = const. — — r. (6.2) 

The hnear stretch factor is given by 

X = y/u. (6.3) 
If we begin the flow with A = 1 at t = 0, then the constant in (16. 2p becomes 1 and we have 



X= y^l- At/R. (6.4) 
This leads to the collapse of an S*^ of radius R in 

t = T = R^/A. (6.5) 
To simplify the equations in what follows, we shall simply put 

R^ = A. (6.6) 



7 The Symmetric Flow 



The equations for the Ricci flow of Dantes are invariant under a permutation of the three 
stretching factors. In the following, we shall assume as an initial condition for t = that 

0<v^^V^^v^. (7.1) 
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In the previous section, we dealt with the case 

ao = bo = Co. (7.2) 

There, a spherical Dante remains spherical until it collapses into a point. We wish to show 
now that the inequalities 

0<a^bSc (7.3) 
among the stretching factors of a Dante are preserved during the Ricci flow. 

With R'^ = 4, we have from ( |5^ 

4 -X-^^(^-c), (7.4) 



abc / V abc 

-4 — — \s{s - a). 



abc ) \ abc 

These equations show that a = b and b = c are solutions. Any infinitesimally spherical solid 
ball in the 5^ will be stretched into a solid infinitesimal triaxial ellipsoid with principal axes 
whose lengths are in the ratios a : b : c. We call the case a = b where the two shorter 
stretching factors are equal the snake. We call the case b = c where the two larger stretching 
factors are equal the turtle. 

The equations (17.41) show us that the Ricci flow preserves the equalities and inequalities 
of (17.31) : Suppose we have the one-dimensional y(t) such that 

y{t) = y{t)f{t) (7.5) 

with some function f{t) where it is of no interest whether the function is positive or negative. 
The solution is 

t 

y{t) = yoexp J f{T)dT, ?/o = const. (7.6) 



The sign of yo is thus also the sign of y{t). 

Fig. [1] shows the Ricci flow in the x-direction. That this coincides with the time direction 
follows from the fact that 

dx , , 



for < X < 2. We have with (15. 5p 



a+6 M+v 

X = = (7.8) 

c w 



and with (15. 7p 



^_ {ii + v)w - w{u + v) 



This gives with (15 .Tp and = A 

2[u{w — + u'^{v — u) + vlw"^ — v"^)] 
uvw^ 

Since (17. 3p gives with (I5.5p 

w>v>u (7.11) 
we see that x vanishes only in the case that 

w = V = u (7-12) 

that gives the isotropic case for x = 2. 



8 The Snake 



For a = 6, it follows from (15. 5p that u = v. The system (15. 7p reduces to the two differential 
equations 

w = -- (8.1) 

and 

w 

v = 2. 8.2 

V 

Multiplying (18. 2p by v and differentiating gives 

w = 2v + v'^ + VV. (8.3) 
Substituting into (18. ip gives a differential equation for v alone 

2v + + vv = -{i! + 2^ (8.4) 

or 

vv + 2v^ + 6v + A = 0. (8.5) 

It is clear that v = 0, i.e. constant v, cannot be a solution. We do not lose solutions by 
taking now w as a function of v itself. Introducing 

dz 

V = z(v), v = —z, (8.6) 
dv 

the equation (18. 5p becomes 

dz „ 2 



dlogv 
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2z' -6z-A = -2{z + l){z + 2). (8.7) 



Integration gives with constant Vq 



Vq^2 f ^dz f 2dz f dz ,_(2; + 2)^ 



or 



[z + 2f-{z + l){^-^y = (8.9) 



Replacing z = v hy (I8.2p gives the integral 

We use now the integral (18.101) to give w/f as a function of w. This gives 

^=l+(^)^ (8.11) 



With dHUD we obtain 
This integrates to 



dw 
'dt 



1 + 



w 



Vq 



(8.12) 



-{to - t) = + I tan~\w/vo) (8.13) 

vo 2(1 + {w/voy) 2 

with constant to- For small values of w/vq we find 

to-t^w. (8.14) 

For large values of w/vq we find 

-{to-t)^j + -^. (8.15) 

With these data we are now able to describe the Ricci flow for the snake. Our initial 
conditions are the values of w and v at time t = 0. These are the squares of the initial 
stretching factors of the 5*^. We call these initial values W and V . The ratio W/V 

W/V = c(0)/6(0), a(0) = 6(0) (8.16) 

gives the initial aspect ratio of the snake. We have 

(W/V) -l = a^ (8.17) 

where the parameter a measures the degree of initial non-sphericity. The integral (18.111) 
allows us to determine the constant vq that belongs to the given initial values. We get 

W W 

Vo = , = — . (8.18) 

^/{W/V) - 1 a 
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We determine the constant by entering the initial values into fl8.13p and obtain with flS.lip 



W 



W 



+ — tan a 



^ 2W/V 2a 

W f I 1 _i \ 

= — H — tan a . 

2 Vl + a2 ^ ; 

We obtain then from fl8.13p for the time t as a function of w 



(8.19) 



_ ^ 



1 1 -1 
H — tan a 



l + a 



a 



w W , f w 

H tan 0:777 

a \ W 



Writing 



we have 



W 



A - 



{l-X){l-W) 1 _i(l-A)a' 
~t~ — tan 

a 



^.20) 



(8.211 



(8.22) 



At t = we have A = 1. As t increases, A shrinks; the snake gets shorter. The snake collapses 
to zero length at A = 0. We obtain thus for the duration T of the flow 



T = — 



2 Vl + a 



1 1 „i \ 
H tan a . 



a 



As A — )■ 0, i.e. as the collapse approaches, we learn from (18. lip that 

1 + A^ ^ 1 



w 

V 



(8.23) 



(8.24) 



meaning the snake contracts into a sphere. The behavior of v follows from (I8.12p and (18.180 

(8.25) 



l + a2A2' 



As A goes from 1 to 0, f is a monotonically decreasing function; the snake steadily becomes 
thinner and shorter, before finally vanishing into a point. 



9 The Turtle 



For 6 = c, it follows from (15. 5 p that v = w. The system (15. 7p reduces to the two differential 
equations 

u = -^ (9.1) 



12 



and 



V 



(9.2) 



These equations are identical to the snake equations (18 .ip and (I8.2p . provided we replace u 
by w. The only difference in the solution is: while w/v was larger than 1 for the snake, the 
analogous u/v ioi the turtle is smaller than 1 . The result is that the integral (18 .Sp is replaced 
by 



w 



V J 







with the integration constant Vi. We use the integral to write u/v as a function of u/vi 



u 



- = 1- - . 

V \Vi / 



u \ ■ 



With ([91]) we obtain 



This integrates to 



du 
'dt 



1-1-)' 



-ih-t) 



u/vi 



2(1 - iu/v^)^) 
with constant ti. For small values of u/vi we find 



, 1, l + u/vi 

+ T log ^ 

4 1 — u/vi 



ti — t ^ u. 

Since we assume that m, f > it follows from (19. 4p that 



< 1. 



For 



we obtain 



Vl 

u 



(9.4) 

(9.5) 
(9.6) 

(9.7) 
(9.8) 



-{ti-t) 

Vl 



1 



I T - 7log(l -M/t;i) + ^log2. 
4(1 — ujvi) 4 4 



(9.9) 



With these data we are now able to describe the Ricci flow for the turtle. Our initial 
conditions are the values of u and v at time t = 0. We call these initial values U and V . The 
ratio U/V 

U/V = a{{])/h{Q), 6(0) = c(0) (9.10) 
gives the initial aspect ratio of the turtle. We have 



1 - U/V = (3^ 



(9.11) 
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where the parameter /3 measures the degree of initial non-sphericity. The integral (19 ■4p allows 
us to determine the constant f i that belongs to the given initial values. We get 



U 



U 



(9.12) 



v/1 - u/v 

We determine the constant ti by entering the initial values into (19. 6p and obtain with (19. 4 p 



or 



U 1 U l + (3 

~ 2U/V^A^i-U/V °^r^' 

U U 1 + /3 

^^-2(l-/32)+4^^°SY3^- 



We obtain then from (19. 6p for the time t as a function of u 
U U . 1+B u 



t 



2(1 - ^ 4/3 °^ 1 - /3 2(l-(V^^i)2) 



[/ , 1 + u/vi 
— log — . 

4/3 ^1-u/vi 



Writing 



we have 



u 



t = U 



1 



,1 , (l + /3)(l-/3/i) 
2(1 4/3 (i-/3)(i + /3/.)^ 



(9.13) 



(9.14) 



(9.15) 



(9.16) 



(9.17) 



_2(l-/32) 

At t = we have n = 1. As t increases, fi shrinks. As we see from Fig. [T]and (17. 7p the ratio 
of u/v = a/b approaches 1. This means the contracting turtle becomes relatively thicker 
before it collapses into a point. This happens with /i = at time 



r 



u 



1 1 1 + /3 
loe; 

2 VI -/32^ 2/3 ^1-/3 



(9.18) 



We see that the collapse occurs in a finite time. The behavior of v = w follows from (19. 4 p 

f//i 



V = w 



1 - f3^fi^ ■ 

As fi goes from 1 to 0, w = w is a steadily decreasing function. 



(9.19) 



10 The Dragon 

For the following, see Fig. [1] The deformation parameters a, b, c are assumed to be in 
increasing order and their ratios y = {b — a)/c and x = {b + a)/c are plotted in the x-y plane. 
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The possible values form an isosceles right triangle based on the segment of the x-axis from 
to 2. We study the Ricci flow of the Dantes in this diagram. 

With initial condition a = 6 = c at time t = 0, the curve of development for the Ricci 
flow shrinks into the fixpoint with coordinates x = 2,y = 0. In the first symmetric case, the 
snake-like configuration, where a = b at t = 0, the initial point lies on the x-axis between 
and 2 and the development proceeds then along the x-axis, the hypotenuse of the triangle, 
ending at x = 2. In the second symmetric case, the turtle-like configuration, where b = c 
at t = 0, the development starts on the right cathetus, the right edge of the triangle, and 
proceeds on this line toward the point with coordinates x = 2,y = 0. Any point inside the 
triangle is the starting point of a Ricci flow. We call the shapes interpolating between the 
snake and the turtle dragons. Since the flow is stationary and scale- invariant, the Ricci flow 
triangle is fibered by flow lines. It is these flow lines that we wish to determine. 

Their slope dy/dx is given by fl5.7p with i?^ = 4. 

dy ^ d[{b-a)/c] 
dx d[{b + a)/c] 

V — ii — 'w{v — u) / w 

V + u — w{y + u)/w 

[u{u'^ — v"^ — w"^) — v{v'^ — — w"^) + y(2uvw + w{w'^ — — v'^))]/w'^ 
[—u{u'^ — — w"^) — v{v'^ — — w'^) — Auvw + x{2uvw + w{w'^ — — v'^))\/w^ 



With 



this gives 



The three linear functions 



- = -^i--y)^ - = -2(- + y) (10-2) 



dy _ y(x2 + 2/2-2) 



dx y'^{2x — 1) + x(x — 2) 



7/ = 0, y = 2-x, y = x (10.4) 

solve equation fll0.3l) . They form the sides of the triangle in Fig. [TJ The numerical integration 
shows the development of the dragons. All curves emerge from the origin and end at x = 
2,1/ = 0. They reach their maximum on a circle of radius a/2 about the origin. Near the 
origin the dragons emerge as very thin hardly flattened snakes. Under the Ricci flow they 
all collapse spherically into points. 

We turn now to Fig. [2l which pictures the ratios of the eigenvalues of the Ricci tensor. 
We define 

i?22/i?33 = P, Rii/R^z = r (10.5) 
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Figure 2: Diagram for the eigenvalue ratios of the Ricci tensor in a stretched S^. 

Point B denotes again the isotropically stretched 5''^. Here Ru = R22 = -R33, the eigenvalues 
of the Ricci tensor are equal and so are the principal curvatures. The segment from — 1 to 1 
of the i?22/-R33-axis, except the origin D, does not represent possible configurations. While 
the map from Fig. [T]to this figure is one-to-one with corresponding points denoted by the 
same letters, the line CD in Fig. [T] collapses here into the point D. If Ru = 0, then R22 has 
to vanish too. 
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(10.6) 
(10.7) 



and obtain from fl4.17p 

a + b — c u/w + v/w — 1 x — 1 
^ a + c — b u/w + l — v/w 1 — 

a + b — c u/w + v/w — 1 x—1 
b + c — a v/w + l — u/w 1 + y 

This transformation allows us to transfer the Ricci flow lines from Fig. [T]to Fig. |21 Since the 
Ricci flow lines are not symmetric with respect to reflection at the line x = 1 (the line CD 
in Fig. [1]) the flow is also not symmetric with respect to reflection on the origin in Fig. |2j 
All flow lines appear to start in point A and end in point B. All lines go through the origin 
of Fig. 121 The eigenvalue of the Ricci tensor is degenerate here. That means, according to 

Kl = K2 = /€3 = (10.8) 

It would be nice if one could visualize this very peculiar snake. 



Acknowledgments We are very grateful to Prof. Peter Ozsvath for providing help with the 
figures based on his work with Mathematica. I.O. thanks The University of Texas at Dallas 
for support. 



References 

[1] J. Morgan and G. Tian, Ricci flow and the Poincare conjecture, Clay Mathematics 
Monographs, Amer. Math. Soc, 3 (2007) 

[2] R. Hamilton, Three manifolds with positive Ricci curvature, J. Diff. Geom., 17, 255-306 
(1982) 

[3] B. Chow and D. Knopf, The Ricci flow: an introduction. Mathematical Surveys and 
Monographs, Amer. Math. Soc, 110 (2004) 

[4] P. Topping, Lectures on the Ricci flow. Lecture Note Series, Lon. Math. Soc, 325 (2006) 

[5] J. Isenberg and M. Jackson, Ricci flow of locally homogeneous geometries on closed 
manifolds, J. Diff. Geom., 35, 723-741, (1992) 

[6] D. Knopf and K. McLeod, Quasi-convergence of model geometries under the Ricci flow. 
Comm. Anal. Geom., 9, 879-919 (2001) 

[7] I. Ozsvath and E. Schiicking, The world viewed from outside, J. Geom. Phys., 24, 
303-333 (1998) 



17 



[8] L. Bianchi, Lezioni suUa teoria dei gruppi continui finiti di trasformationi, Spoerri, Pisa, 
(1918) 

[9] Dante Alighicri, The Paradise. Translated by John Ciardi, New American Library, New 
York (1970) 

[10] L. Bianchi, Klassische Stiicke der Mathematik, Ziirich (1925) 

[11] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, Vol. 1. Interscience, 
New York (1963) 



18 



